Global mode decomposition is applied to high speed jets over a range of jet-to-ambient density ratios and Mach numbers. Maximal transient response was obtained for each system by computing an optimal superposition of non-normal global modes. The non-normality of the global modes increased with decreasing density ratio as well as decreasing Mach number.
INTRODUCTION
The motivation for this research stems from the need to develop noise reduction strategies for aircraft engine exhausts. Sound levels in excess of 150 dB are consistently measured for a variety of high-performance tactical aircraft [1] . This poses a significant hazard for aircraft carrier ground and maintenance crews, as such an acoustic environment is beyond the capabilities of advanced hearing protection technology to prevent permanent hearing loss. Exhaust noise reduction is also a priority to the design of next generation supersonic civil transport to comply with international regulations regarding community noise.
Locally parallel [2] and weakly non-parallel [3] instability wave theories have met with moderate success at predicting noise generation in high-speed jets [4] . For turbulent jets of Reynolds number up to 10 6 , Suzuki and Colonius [5] correlated experimental measurements from a microphone array with eigenfunctions predicted by linear stability theory, and showed that the far-field pressure is statistically consistent with an instability wavepacket model. Furthermore, for supersonic jets, the mechanism of Mach wave radiation [6] provides a direct link between supersonically convecting instability waves and the acoustic far-field. Enhanced accuracy at minimal computational cost is obtained through the application of the linear [7] or nonlinear [8] parabolized stability equations (PSE). The PSE methodology, however, cannot capture upstream propagating waves, and breaks down in cases involving strong heating [9] .
The source of sound from transonic and subsonic jets remains less clear, because the convection velocity of instability waves in these cases is not sufficient to radiate sound directly. Nevertheless, recent studies [10, 11] show that energy can be transferred into the radiative part of the spectrum through nonlinear interaction of two instability waves. Wu and Huerre [12] show that the nonlinear interaction of counterwinding helical modes of close frequency produces a slowly breathing mean-field distortion of azimuthal wavenumber m = 2 which efficiently radiates sound. In addition to nonlinear mode interactions, we propose the non-normality of the underlying linearized system as an alternate source of jet noise. Through the Kreiss matrix theorem, transient growth leads to an interpretation of jet noise without the need for harmonic forcing. The potential for transient growth is related to the extent to which contours of the resolvent norm || (zI − A) −l || reach into unstable half plane, as measured by the Kreiss constant K = sup Re(z) > 0 Re(z) || (zI − A) −l ||; for details see [13] . Further significance of the resolvent norm is addressed below.
In this paper, global mode analysis is used as a tool to study the non-normality of the linearized system operator. Athough more computationally expensive as compared to PSE, global mode analysis directly captures the effects of fully non-parallel base flows while simultaneously resolving upstream propagating waves. To observe the effects of jet-to-ambient density ratio (such as that produced by heating) as well as Mach number, we apply this method to a range of different base flows for which these parameters are varied systematically. Fig. 1 shows a cross-sectional schematic of sound production from a round, high-speed jet. The cylindrical coordinates x, r, and θ denote the axial, radial and azimuthal directions, respectively. The base flow, corresponding to a steady laminar jet, is assumed to be axisymmetric with respect to the center-line of the domain, shown at bottom. The jet enters the computational domain from the left and forms a shear layer as it encounters quiescent fluid within the domain. For a supersonic jet, hydrodynamic instability waves supported by the shear layer may couple directly with the acoustic modes radiating to the far field. To absorb outgoing acoustic waves and avoid reflections, numerical sponge layers are utilized at the stream wise and lateral boundaries. For consistency, all calculations presented in this paper utilized the same computational domain and sponge layer thicknesses as given in figure 1. The fully compressible Navier-Stokes equations are used as a mathematical model describing the dynamics of the supersonic jet. Similar to that of Sesterhenn [14] , we use a pressure-velocity-entropy formulation, denoted as p, u, and s, respectively.
FLOW CONFIGURATION
The equation of state for an ideal gas, γ M 2 p = ρT, relates the fluid density ρ and temperature T to the pressure. The local speed of sound is defined as . The viscous stress tensor τ τ and dissipation Φ are defined with µ B /µ = 0.6, where µ B denotes the bulk viscosity. Assumed constant, γ = 1.4 is the ratio of specific heats. The jet Reynolds number is defined as Re = ρ j u j R/µ where ρ j and u j are the fluid density and velocity at the nozzle exit, R is the nozzle radius, and µ is the dynamic viscosity, assumed constant. The Prandtl number is defined as Pr = c p µ/λ, where c p is the specific heat at constant pressure and λ is the thermal conductivity. For all calculations in this paper, Re = 3600 and Pr = 1. The jet Mach number is defined as M = u j /c j where c j is the speed of sound at the nozzle exit conditions. Steady base flows are obtained by solving the compressible boundary layer equations together with the Crocco-Busemann relation [15] . Inlet profiles based on Michalke's profile #2 [2] were selected to produce the same jet half width and shear layer momentum thickness at axial location x = 20, which corresponds to the maximum extent of the inlet sponge. As fig. 2(a) shows, each jet then spreads differently as it develops downstream, depending on the the flow parameters (Mach number, density ratio). For all of the laminar jets considered in this paper, however, the spreading rate is low enough that the potential core persists throughout the computational domain. The Navier-Stokes equations are linearized about each base flow and then are discretized by fourth-order centered finite differences applied on a stretched but structured mesh to yield a large sparse matrix. For the calculations presented in this paper, the computational domain was resolved by 384 × 192 grid points in the x and r directions, respectively. As shown in figs. 2(b) and 2(c), grid points were clustered radially in the region of the shear layer, with minimum ∆r = 0.021. The grid points were distributed uniformly in the axial direction with ∆x = 0.313. Global modes of the system
were extracted using a shift-and-invert Arnoldi method as implemented by the software package ARPACK [16] . The inversion step was computed by finding the LU decomposition of the shifted sparse matrix using the massively parallel SuperLU package [17] . Code verification was accomplished by comparison with published results [7] . Further details about the implementation and verification of the code can be found in [18, 19] . Table 1 summarizes the flow conditions for a series of five different jets considered in this paper. The jets differ in two parameters: the jet Mach number M and the jet-toambient density ratio S. The acoustic Mach number, defined as M a = u j /c ∞ where c ∞ is the ambient speed of sound, is determined by M and S. As a base case, we consider a cold supersonic jet with M = 1.5 and S = 1.45 (case Al). This density ratio corresponds to a condition where the stagnation temperature of the jet is equal to the ambient temperature. The next two cases, A2 and A3, have the same jet Mach number as Al, but with lower density ratios. By comparing cases Al through A3, we will study the effects of heating on the global modes and the transient response. The final two cases, B and C, aim to capture effects of Mach number while maintaining the same cold condition as Al. Fig. 3 compares spectra of global eigenfrequencies obtained for the M = 1.5 jet at three different density ratios. In this figure, the position of each eigenvalue is given by the corresponding global mode frequency St = 2Rf /u j = ω r /π and growth rate ω i . Here, f denotes the cyclic frequency, R the jet radius, and u j the jet inlet velocity. ω r and ω i are the real and imaginary parts of the complex eigenfrequency, respectively. ω i > 0 corresponds to globally unstable modes, while ω i < 0 indicates global stability.
RESULTS

Effect of density ratio
Each of the spectra contains a branch arching over low frequencies, as we will see, that is associated with Kelvin-Helmholtz (K-H) instability. We will refer to it as the branch of type (a) global modes. At higher frequency, each spectrum also contains a kinked branch of type (b) global modes. These modes can be shown [19] to be associated with the subsonic family of modes predicted by Tam and Hu [20] (T-H modes). As the density ratio decreases, the position of the entire spectrum shifts upwards and to the left, corresponding to less damping and lower frequencies. In cases Al and A2, all of the eigenvalues lie below the real axis indicating global stability, whereas for case A3, some eigenvalues have crossed above the axis into the unstable half-plane. Note that this happens for type (a) modes only, whereas type (b) modes remain stable. Fig. 4 shows global modes corresponding to the labeled arrows of fig. 3 . The lefthand column shows the least-damped type (a) mode arising from K-H instability, while the right-hand column shows the leading type (b) modes corresponding to the subsonic T-H modes. For the type (a) modes, the angle of the Mach-wave radiation is observed to increase with decreasing density ratio S. This can be explained by noting that the speed of sound exterior to the jet decreases relative to the speed of sound inside the jet as the jet is heated, so that the acoustic Mach number M a = u j /c ∞ increases with heating. Fig. 5 shows the modulus of the perturbation pressure along the nozzle lipline (r = 1) for modes (a) and (e) of fig. 4 . The lipline shapes of the corresponding adjoint global modes are also shown. From this plot it is apparent that a decrease in the density ratio S leads to a steepening of the axial gradients of both the direct and adjoint global modes. The effect of density ratio on the global spectra, as seen by comparing cases Al through A3. Density ratio decreases (and heating increases) progressing from the top frame to the bottom. Mode shapes corresponding to eigenvalues marked with arrows are shown in fig. 4 . Both direct (•) and negative conjugate adjoint (+) eigenfrequencies are shown.
Put another way, as the jet is heated, the spatial separation between the direct and adjoint global modes increases. To quantify this spatial separation, we may use the diagnostic 〈 G | G 〉, where G and G are corresponding, individually normalized, direct and adjoint global modes, respectively [21] . This quantity measures the amount of overlap between the direct and adjoint modes, and as such decreases as spatial separation increases. For the modes shown in fig. 5 , we find 〈 G | G 〉 = 3.319 × 10 −6 for case Al and 〈 G | G 〉 = 1.856 × 10 −7 for case A3. Here, the norm < ·|· > is chosen as that given by equation 2 below, where it is discussed in further detail. Heating also affects type (b) global modes. For case Al, the mode upstream of the onset of the outlet sponge is primarily composed of an upstream propagating wave. As heating increases, a downstream propagating wave component becomes increasingly evident. Because a global mode must have zero group velocity, all of modes displayed in fig. 4 should have both an upstream propagating wave component as well as a downstream propagating wave component, but the relative strengths of these components may vary.
In each spectrum shown in fig. 3 , the branch of type (a) modes splits near its right hand edge. This split becomes more pronounced with decreasing density ratio S, and in Global modes corresponding to the labels of fig. 3 , visualized by contours of the real part of the perturbation pressure.
case A3, leads to the most unstable eigenvalues of the system. We observe, however, that the agreement between the direct (•) and the conjugate adjoint (+) eigenvalues breaks down in the region of the split, indicating that this behavior owes to numerical rather than physical causes. Because the adjoint eigenvalues were computed using a continuous adjoint approach [22] , there is no intrinsic numerical reason that they should be negative conjugate to the direct eigenvalues, unless both the direct and adjoint discretizations provide adequate models of the underlying continuous problems. In fact, the close agreement of the direct and adjoint eigenvalues over most of the spectra shown in fig. 3 indicates a high level of convergence for the corresponding modes. In addition, this method enables us to detect that convergence breaks down near to the split, whereas a discrete adjoint approach may miss this fact.
To ascertain the source of the breakdown in convergence in the vicinity of the split, we consider the ε-pseudospectrum associated with the hot supersonic jet (case A3). A complex value z is defined to be an ε-pseudo-eigenvalue of the system matrix A if the resolvent norm ||(zI − A) −1 || is greater than or equal to 1/ε. For normal matrices, the resolvent norm is simply the inverse of the minimum distance between z and any eigenvalue of A. For non-normal systems, however, the resolvent can also be large for z values far away from eigenvalues through a phenomenon known as pseudoresonance. While an approximation for the pseudospectrum can be computed in the basis of extracted global modes, our adjoint solver allows us to compute the exact resolvent norm in the entire system space. We apply the power method to determine the largest eigenvalue of (z* I − A*) −1 (zI − A) −1 , corresponding to the square of the resolvent norm. Here, * denotes the complex conjugate. Note that the shift-and-invert steps of this method are the exactly the same as those employed by the Arnoldi method to extract global modes. In addition, we obtain the optimal forcing function (mapping to maximal output) for frequency z as the eigenvector corresponding to this largest eigenvalue. Fig. 6 shows the resulting contours of the resolvent norm for the hot jet. For clarity, a logarithmic scale has been used for the contour levels. We observe that the resolvent norm reaches a maximum in the region of the split, and that the shape of the split spectrum agrees somewhat with the shape of the contours of the resolvent norm in this region. An alternate, equivalent definition of the ∈-pseudospectrum is that it is the set of points corresponding to eigenvalues of A + E for all random matrices E with || E || < ε [23] . Therefore, the contours within the split spectrum indicate the level of numerical precision of the method inherent to the discretization as well as that demanded by the stopping criterion of the Arnoldi method. For convectively non-normal systems, it has been observed that a lack of numerical precision gives rise to similar hoop-shaped spectra [24] . As the numerical precision increased, these hoop-shaped spectra behaved like zip-fasteners, converging upon straight lines. For our jets, we find that the maximum level of the resolvent norm of the cold M = 1.5 jet (case Al, not shown) is less than the maximum level of the hot M = 1.5 jet, indicating a greater level of non-normality in the case of the hot jet. This explains the greater prominence of the split spectrum as S decreases, and is consistent with the spatial structure of the type (a) global modes observed in figs. 4 and 5. Fig. 7 shows global spectra resulting from the cold M = 0.9 and M = 2.5 jets, corresponding to cases B and C, respectively. The spectrum for case B contains a large branch of type (a) global modes, some of which may be slightly unstable. This branch shows a large split, however, suggestive of strong non-normality, which we will later confirm. Fig. 8(a) visualizes a representative global mode taken from the low frequency portion of the branch, ahead of the split. Global spectra for the cold M = 0.9 jet (case B, at top) and the cold M = 2.5 jet (case C, at bottom). Mode shapes corresponding to eigenvalues marked with arrows are shown in fig. 8 . Global modes corresponding to the labels of fig. 7 , visualized by contours of the real part of the perturbation pressure.
Effect of mach number
In contrast, the spectrum of case C appears to contain two branches of type (b) global modes, while the branch of type (a) global modes is mysteriously missing. The two branches of type (b) modes correspond to the first and second subsonic modes of [20] , and as figs. 8(c) and (d) show, can be distinguished by the number of radial zero crossings in the jet core. In fact, the type (a) branch is not absent, but is occluded by the cloud of damped eigenvalues corresponding to standing acoustic modes of the rectangular domain. The location of this branch may be recovered by considering which modes contribute most to the optimal superposition computed in the next section.
Non-normal transient response
The majority of global modes presented above were found to be temporally damped. In the two cases of globally unstable jets, the few amplifying modes predict weak growth (at best) for the long-time behavior of the system. At finite times, however, a large transient growth is possible through the superposition of these non-normal global modes. Indeed, as we have seen previously, the resolvent norm remains large (exceeding even the numerical range provided by double precision floating point arithmetic) over a significant portion of the ε-pseudospectrum, indicating strong non-normal effects. In this section, we quantify the non-normality of each jet by computing the superposition of corresponding global modes that leads to maximal transient growth. The optimal superposition is found by singular value decomposition, following [25] . In this analysis, the transient growth is measured in terms of the disturbance energy, defined for a compressible flow as:
.
This norm was shown to be positive definite and monotone non-increasing for quiescent compressible fluids by [26] , and independently derived [27] by eliminating conservative compression work transfer terms. With respect to this norm, we define the maximum amplification G of the disturbance energy as:
where q(0) and q(t) represent the system state at the start and end of the time interval considered, respectively. It is important to note that this amplification depends on the duration t of the finite interval considered, so that the curve G(t) represents an envelope of all possible transient responses. Following the same nondimensionalization as equation 1, time is normalized by R/u j . While the disturbance energy seems a natural choice of norm, there are certainly other viable choices, and we may expect them to lead to different results. For example, the far-field overall sound pressure level (OASPL) of the radiative acoustic waves, perhaps with frequency-weighting to account for human perception, may be an norm of On the other hand, employing different norms for the numerator and denominator is an intriguing possibility which has been explored recently by [28] . Clearly, the choice of norm warrants further investigation for this problem, but this remains beyond the scope of this paper. Fig. 9 shows the curves G(t) for each of the five jets considered. The solid line represents our base case of the cold M = 1.5 jet. We find that the amplification reaches a maximum of G = 3.885 × 10 9 for a time interval t ≈ 129. The dashed and dot-dashed lines represent the isothermal and hot M = 1.5 jets, respectively, and we observe that heating significantly increases the transient growth. This is consistent with the observation that heating increases the streamwise separation between the direct and adjoint global modes, and as such increases the convective non-normality of the system. For the hot M = 1.5 jet, the transient growth was found to reach a maximum level of G = 5.8909 × 10 14 for t = 188. Fig. 9 also shows G(t) for the M = 0.9 and M = 2.5 cold jets, represented by the dot-dot-dashed and triple-dot-dashed curves, respectively. Comparing these curves to that of the cold M = 1.5 jet, it is evident that the non-normality increases with decreasing Mach number. For the M = 0.9 jet, the transient growth reaches G = 6.268 × 10 16 for t = 140, which is the maximum obtained for all five cases. Transient growth envelopes G(t) for cases (see table 1): Al  , A2  ,  A3 , B , and C .
The singular value decomposition yields expansion coefficients representing the optimal initial condition q(0) in the subspace of extracted global modes. Figure 10 visualizes these expansion coefficients with proportionally sized circles surrounding corresponding eigenvalues. As the figure shows, type (a) global modes are the most important contributors to the non-normal interaction. For case Al, approximately 20 type (a) global modes (out of 360 computed) are responsible for 95% of the disturbance energy. These modes span a frequency range, but the contributions are strongest from those modes in the center of the range (St ≈ 0.175.)
To further understand the nature of the transient growth, the development of the system state q from the optimal initial condition is visualized in figure 11 . The five rows of frames correspond to the five different jets considered, and each contains a time series of three images corresponding to t = 0, 50, 100 from left-to-right. Note that each sequence is taken along a trajectory leading to maximum transient growth for each case, but the time intervals have been kept constant between successive frames for fair comparison. In each sequence, a wavepacket is initiated near the nozzle and then grows as it propagates through the domain. Clearly, the global modes, which do not resemble much a wavepacket, nevertheless provide an adequate basis in each case to capture this type of convective instability, in agreement with theory [29] .
Comparing the first three rows of fig. 11 , we observe that the convection speed of the wavepacket decreases as heating increases. In fig. 9 , note also that the amplification curves peak at increasingly late times as heating increases, consistent with wavepackets that propagate more slowly through the domain. We also find that the angle of the emitted sound increases with increasing heating, which can be explained as before as an effect of the increasing acoustic Mach number. We therefore interpret the effect of heating as a shift of the wavepacket peak to lower group velocities, in analogy to locally parallel stability theory. This shifting may eventually cause the upstream edge of the wavepacket to be able to withstand the oncoming flow, causing the flow to become globally unstable. The effect of Mach number on the transient response can be observed by comparing cases Al, B, and C shown by the first, fourth and fifth rows of fig. 11 , respectively. Case C respresents the most strongly supersonic jet, and for this case, we observe that the acoustic waves radiate at a clear angle, consistent with Mach wave emission. In contrast, there is no such angle associated with response of the subsonic jet associated with case B. The transient response of case Al is somewhere between these two extremes.
